Introduction
The main purpose of the present paper is to bring into unity several theorems in the field of differential geometry. Some new results are included.
The relevant theorems are cited below. Theorem A. (de Rham [1] ). Let $M$ be a simply-connected complete
Riemannian manzfold and let $T(M)$ be the tangent bundle with the holonomy group as structural group. Reed [2] and J. Milnor [3] do not depend on $x$, then @ is a constant sheaf.
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We now sketch the outline of the present paper in what follows. The first chapter is intended for the proof of a tool theorem together with pertinent definitions. Let us state the main tool theorem precisely.
Let $M$ be a (not necessarily connected) complete1) Riemannian manifold and let $\Gamma$ be a regular' and connected3) Lie pseudogroup of local isometries. We denote the set of germs of local isometries belonging to Let $M$ be a locally connected and locally simply-connected Hausdorff space each component of which is compact. Let $\Gamma$ be a connected and regular continuous pseudogroup of local transformations on $M$ . In addition to these, we assume that the postulate of regular imbedness is valid for $\Gamma$ . Then the same conclusion as above holds good4).
In the second chapter we engage in some applications of the theorem stated above. In Sec. 1 we show that the theorem of identity is valid for affine maps of an affinely-connected manifold. In Sec. 2 an affine map of a Riemannian manifold is uniformly continuous with respect to the uniformity given by the metric. The present author has particular interest in whether or not a uniformity (canonical in a sense) can be introduced into an affinely-connected manifold in such a fashion that every affine map is uniformly continuous. This is one of the reason why we pay some attention to uniformity. In Sec. 3 some study of isometries in analytic Riemannian manifolds will be made. And there we prove the following theorem. 
where $n$ is the topological dimension of $M$ .
Theorem H. Let $M$ be a compact differentiable manifold. Let $f$ be a differentiable function defined except on a nowhere dense set $F$ each point of which is removable in the sense stated in the last section. If all the critical points of $f$ are positive or negative definite, then $\mathfrak{n}(f)\leqq 2$ , and and by $S_{i,/\ell}$ that of elements $a,$ $a^{\prime},$ $\cdots$ with $\alpha(a),$ $\alpha(a^{\prime}),$ $\cdots\subset F_{\lambda}$ and $\beta(a),$ $\beta(a^{\prime}),$ $\cdots\subset F_{t^{\ell}}$ . We introduce the natural topology into $S$ . The map that sends $rct$ to $\gamma_{a(x)}a^{-1}$ is a homeomorphism of $S$ onto itself that maps $S_{\lambda,\mu}$ onto $S_{\ell,\lambda}$ . We suppose now the following conditions be satisfied by $\Gamma$ as we shall do throughout the first chapter. Further in this section we assume the following condition. (7) For any $x\in M$ we can find a neighborhood $V(x)$ of $x$ such that for any $ a\in\Gamma$ with $x\in\alpha(a)$ there exists
Remark. The condition (6) makes $S$ a Hausdorff space and the condition (7) guarantees for each $x\in M$ the existence of a neighborhood which is evenly covered by $\alpha$ . It is interesting to note that (6) is satisfied not only by holomorphic maps of a complex manifold into a complex manifold, but also by several maps of other types, as will be shown in the sequel, and that our concem in this chapter is mainly directed to the question: Under what conditions can (7) be proved ?
Let $g\in S_{\lambda,\mu}$ and let $C(g)$ denote the connected component of $g$ in
Then by means of (6) and (7) Remark. Let $V_{\ell}$ be any open set in $F_{\mu}$ such that the imbedding $\psi_{\mu}$ of $F_{u}$ is bicontinuous in it. The totality of $\psi_{\ell}(V_{\mu})$ for such $V_{\ell}$ constitutes a basis of a new topology $T^{\prime}$ in $M$ . Actually in [7] a foliation is defined by the pair of two topologies $T$ and $T^{\prime}$ in $M$ , where $T$ is the intrinsic topology of $M$ . Now we make a brief review of the definition of uniformity. For the full details the reader must consult [8] . . We can introduce a topology into $S$ in the natural way. Then $\alpha$ (resp. $\beta$ ), a map assigning the domain (resp. the range) to each element of $S$ , is a $local\cdot homeomorphism$ of
be the set of the germs of the identities and let The map to each $(g, h)\in \mathfrak{W}$ assigning $gh\in S$ is continuous, where
The map to each $(g, x)\in \mathfrak{Q}$ assigning $g(x)\in M$ is continuous, where
is a locally connected Hausdorff space.
The new topology will be referred to as vertical topology while the natural one as horizontal. (1) To each $ g\in W\varphi$ takes $g\times V$ into one and only one component of
with respect to the horizontal topology. (2) To each $ x\in V\varphi$ takes Wxx into one and only one component of $S$ with respect to the vertical topclogy.
In the present paper a map into $S$ and with two variables $g$ and $x$ is called continuous if for each fixed $g$ it is continuous with respect to $x$ and if for each fixed $x$ it is continuous with respect to $g$ . It is noted that, if $V$ and $W$ are both connected and if $\varphi$ is continuous, then $\varphi$ is compatible. We now add one more conditon which will be of vital importance for the proof of our main tool theorem.
Let $M$ be a foliated space8). Then the condition is that:
so that it is compatible in the sense of Definition 3.2 and so that for $y\in V(x)\varphi_{x}(\tilde{x}, y)=\tilde{y}-$ . and the end $j$ (see $A$ . Weil [9] ).
Let us go back to a foliated space $M$ and consider a regular continuous $pse\mathfrak{U}dogr\ominus up\Gamma$ of local transformations. Let $K$ be a compact set on a leaf $F$ . Then we can assign the map $\varphi_{x}$ stated in the preceding section to each $x\in K$ . Using the same notation as there, we can select a finite covering $V(x_{i})$ ,
and let $N$ be the nerve of the covering. We say that $g$ is extendable along a chain $(i_{0}, \cdot\cdot,i_{k})$ of $N$ if the connected component of $g$ in 
Proof. Assume the contrary. Then we can choose a directed system $\{g_{j}\}_{j\in J}$ of germs with $g_{j}\in W_{i_{0}}$ for all $j\in J$ so that a $(C^{K}(g_{j}))DK$ for all $j\in J$ and $\lim_{J}g_{j}=\tilde{x}_{i_{0}}$ , where $\tilde{x}_{i_{0}}$ is the germ of identities in the neighborhoods of . This is contrary to $C\alpha(C^{f^{\prime}}(g_{i}))\in x_{i}$ for all $j\in cI$ . This completes the proof. 
Proof. Let $K$ be a compact set in $F$ with $K\supset V$ . We may suppose that $K$ is connected, because any connected component is closed. Let $g$ be a germ
using the same notation as in the preceding. $\alpha$ gives rise to a local homeomorphism of $K(g)$ into $K$ , which is denoted by the same letter $\alpha$ . If we take $g$ from $W$ in the preceding lemma, then $\alpha$ is surjective. It is clear that $V_{i}\cap K$ is evenly covered by $\alpha$ more precisely $\alpha|K(g)$ . These imply that $(K(g), \alpha)$ is a covering space of $K$ . Let $\overline{7^{7^{J}}}=\alpha^{-1}.(V)\cap K(g)$ and let
is also a covering space of $V$ . On the other hand $V$ is simply-connected. Hence $\overline{V}$ is homeomorphic to $V$ by $\alpha$ . We shall denote this homeomorphism by $\alpha_{g}$ . We put:
Where $(g, y)$ ranges over $W\times V$ . Then $\varphi$ is the map of the required nature. This completes the proof. Postulate of regular imbedness. Let $x$ be any point of $M$ . If we take sufficiently small $V(x)$ and $W(\tilde{x})$ , then $C(g)\subset\varphi_{x}(W(\tilde{x})\times V(x))$ is connected with respect $\cdot$ to the natural topology, where we use the notation in (3.5) We define a map $\varphi$ by
Then $\varphi$ is a continuous and compatible map of $H^{l}\times(\alpha(f)\cap V)$ into $S$ . For any $g\in H$ we have $\varphi(g, y)=\gamma_{y}f\varphi_{H}(h, y)^{-1}\varphi_{H}(g, y)=\varphi_{H}(g, y)$ . It is noted here that we may suppose $\alpha(f)\cap V$ is connected. Then using the theorem of identity, we can get.
Further by continuity we obtain the same equality for $(g, u)\in H^{\prime}\times\alpha(f)\cap V_{0}$ . If $\alpha(f)\cap V$ is not contained in $V_{0}$ , then we can extend $\varphi_{H}$ further. This is is equi-uniform, the set:
is relatively compact. Then we can find a directed system $\{y_{j}\}_{j\in J}$ such that the system itself tends to $y$ from the inside of $V_{0}$ (this means that $y_{j}\in V_{0}$ for all $j\in J$ ) and such that the image system $\{\beta_{0}\varphi_{H}(h, y_{j})\}_{j_{\sim}^{\prime}J}-$ also has a limit in $F_{\beta(h)}$ . Denote the limit by $z$ . We use the notation as in IV.
It is seen from the postulate of regular imbedness that there exist a number On the other hand we can see
because the definition of $\varphi_{H}(h, y)$ does not depend on the choice of $g$ as seen from the above caluculation. Thus it is seen that we can extend $\varphi_{H}$ to the region $H^{\prime}x(V+y)$ . This is contrary to the definition of $V_{\mathfrak{a}}$ . Hence bedness. Remember that it was used only to guarantee (4.4). Consequently it suffices to show that (1.4) is verified without using this postulate. Let $\epsilon$ be a sufficiently small positive number. If we take sufficiently small $V^{\prime}(z)\subset V(z)$ , then the $\epsilon$ -neighborhood of any point $(\in\beta\cdot\varphi_{z}(g,V' (z))$ where $g\in W(\hat{\hat{z}})$ is arbitrary is contained in $\beta\cdot\varphi_{z}(g,V(z))$ . Take a $number.j_{0}$ such that if $j_{0}\leqq j$ , then $z_{j}\in V(z)$ and $y_{j}$ belong to the $\epsilon$ -neighborhood $V_{\epsilon}$ of $y_{j_{0}}$ . Since $\varphi_{H}(h, y_{j_{0}})^{-1}\varphi_{E}(g, y_{j_{0}})$ converges to $\tilde{z}_{j_{0}}$ as $g$ tends to
where $g\in W(h)r)H$ for a sufficiently small neighborhood of
. We write
On the other hand $\beta\cdot\varphi_{H}(g,V)\subset\beta\cdot\varphi_{z}(k(g)\times V(z)$ . It follows from this that we can define a map over $V_{\epsilon}$ by
Then $\overline{\varphi}(y_{j_{0}})=\varphi_{\mathcal{F}I}(g, y_{j_{0}})^{-1}\varphi_{H}(g', y_{j_{0}})$ . Since $\alpha\cdot\overline{\varphi}(\overline{y})=\beta\cdot\varphi_{Ii}(g,\overline{y})$ , it follows from the theorem of identitiy that $\overline{\varphi}(\overline{y})=\varphi_{H}(g,\overline{y})^{-1}\varphi_{H}(g^{\prime},\overline{y})$ . Hence for $j\geqq j_{0}$ , $\varphi_{H}(g, y_{j})^{-1}\varphi_{H}(g', y_{j})\in\varphi_{z^{\prime}}(k(g)^{-1}k(g^{\prime}),V(z^{\prime}))$ .
If we make $g$ ' tend to $h$ , then we can get $\varphi_{H}(g, y_{j})_{(0_{H}}^{-1}(g', y_{j})\in\varphi_{z^{\prime}}(k(g)^{-1}k(g^{\prime}),V(z'))$ . Consequently we have
This completes the proof of our assertion.
It is noted that the same thing holds good for the case where is equi-continuous automatically. In the case of the second kind we assume that the condition of regular imbedness is satisfied. In both cases we can use the conclusion in Lemma 4.1 owing to the above remark. Now let us prove the theorem.
Proof of the main tool theorem. We divide the proof into the following two, in the first one of which we show that the projection $\alpha$ of $C(g)$ into $F_{\alpha(q)}$ is surjective and in the second one of which we verify that there exists a neighborhood evenly covered by $\alpha$ for each $y\in F_{\alpha(g)}$ .
I. $\alpha(C(g))=F_{\alpha(Q)}$ . Similarly: ( 
7)
$\varphi_{y}\cdot\varphi_{x}=the$ identity of $S_{y0}$ . (4.6) and (4.7) imply that $\varphi_{y}$ and $\varphi_{x}$ are the inverses of each other, and especially that they are surjective. This completes the proof. Hence where $x$ ranges over $F_{1}$ and $f_{*}$ is the differential of $f$ For such a map $f$ we can see without difficulty the following facts.
(1) $f_{*}|T_{x}$ is injective for each $x\in F_{1}$ .
(2) $f$ has Jacobian matrices of maximal rank at all the points of $F_{1}$ . Proof. As is easily seen, it suffices to prove it in the case where
and the other map under consideration is the identity. Let us consider a polar coordinate system with origin $x$ . Since $f$ fixes all the geodesics through $z\in U$ , we see
Stated in other words, $f_{*}$ fixes $p_{x}(U)$ , an open set in $S_{x}^{n-1}$ . Hence $f_{*}|T_{x}$ must coincide with the identity of $T_{x}$ . Consequently for any $y$ in a neighborhood of $x$ $f(y)=f(k_{x}(p_{x}(y), t))=k_{x}f_{*}(p_{x}(y), t)=k_{x}(p_{x}(y), t)=y$ , where $t=the$ distance between $x$ and $y$ . This completes the proof.
The theorem of $identity^{1)}$ follows from Theorem 1.1, Chap. I with the help of this lemma1).
Remark. The proof of Lemma 1.1 holds good for local affine maps between an affinely-connected manifold and another affinely-connected manifold. Then the identity theorem is true for automorphisms of an affinely-connected manifold into an affinely-connected manifold.
Uniformities and affine transformations
Let $F_{1}$ and $F_{2}$ be Riemannian manifolds. Then $F_{1}$ and $F_{z}$ have the connections and the uniformities which are induced from the Riemannian metrics. If $\gamma$ is a curve on $F_{1}$ whose origin is $x$ and whose end is $y$ , the parallel displacement along $\gamma$ gives rise to an isomorphism of the vector space $T_{x}$ onto the vector space $T_{y}$ , which is also denoted by the same letter $\gamma$ . The uniformity of $F_{1}$ (resp. $F_{2}$ ) will be denoted by $\mathfrak{U}_{1}$ (resp. $\mathfrak{U}_{2}$ ) in what follows.
Let where $f_{*x}$ is the restriction on $T_{x}$ of the differential $f_{*}a_{-}nd$ so on.
The following facts are well-known: , and give the natural topology to it. Then the following lemma is a direct result of the preceding. Let us consider the local transformations of the type: . It is seen that there exists the smallest pseudogroup of local transformations that contains those of the above type. We denote it by $\Gamma_{1}$ . $\Gamma_{1}$ leaves the local product structure of $M$ invariant.
We can also define the pseudogroup $\Gamma_{2}$ in exactly the same way. We here present some examples of the equi-uniform local product structures before going further. maps of the type (1.1) are affine transformations, then it is equi-uniform.
Let us denote the horizontal (resp. vertical) leaf through $x\in M$ by $F_{1x}$ (resp. $\Gamma_{2x}$ ) and the set of all the germs of elements of $\Gamma_{1}$ (resp. $\Gamma_{2}$ ) that have domain $x$ by $S_{Jx}$ (resp. $S_{2x}$ ). In what follows we take the case where the structure is equi-uniform with respect to $\Gamma_{1}$ . It is seen directly from the definition of $\Gamma_{1}$ that if we take a sufficiently small neighborhood $W$ in $F_{2x}$ of $y\in F_{2x}$ , we can attach a single element of $S_{1y}$ to each $z\in W$ . We can define by this map of $W$ into $S_{1y}$ a neighborhood system of $y$ the germ of identities in the neighborhoods of $y$ as the image of neighborhoods of $y$ in $W$ . Let $g$ be any element of $S_{1x}$ and let $\beta(g)=y$ . Then we can define a neighborhood system of $y$ in $S_{1y}$ in the above way. Denote it by $\sum$ . Then we can de ne a neighborhood system of $g$ in $S_{1x}$ by $ g\sum$ . It is easily seen that this introduces a topology into is a connected local product space all the horizontal leaves of which are compact, then $\Gamma_{1}$ is a regular, equi-uniform continuous pseudogroup satisfying the postulate of regular imbedness. Thus we get the following theorem.
Theorem 5. 1. Let $M$ be a connected local product space all the horizontal leaves of which are compact. Then all the horizontal leaves have homeomorphic universal covering spaces. All the vertical leaves do so. Moreover the universal covering spece of $M$ is a product space of that of the horizontal leaves and that of the vertical leaves. Consider the case in which $\Gamma_{1}$ is a pseudogroup of local isometric maps. According to the remark in Sec. 4 As a result of this theorem we have the de Rham's decomposition theorem [1] . 6 . A generalization of a Reeb's theorem 11) Let $M$ be a compact differentiable manifold. Let $f$ be a differentiable function defined over $M-F$ where $F$ is a nowhere dense subset. Definition 6. 1. A point $x_{0}$ of $M-F$ is said to be a non-degerate critical point of index $k$ in case a system of coordinates $\varphi_{1},$ $\cdots,\varphi_{n}$ exists in a neighborhood of $x_{0}$ , which satisfies these conditions: Let $x$ be ordinary (resp. removable). Then there exists a system of coordinates $\varphi_{1},$ $\cdots,\varphi_{n}$ in a neighborhood $V(x)$ of $x$ such that (6.3) and (6.4 ). First we note that for any $y,$ $z\in F$ $r\cdot f(y)=r\cdot f(z)$ . Hence if $x_{i}\in F_{x}$ for infinitely many $i$ , then we can see that $(r\cdot f)_{*}$ vanishes at $x$ . This is contrary to the definition of removability. Hence We can see the following easily.
